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SOME NOTES ON FIXED POINT THEOREMS IN
n-GENERALIZED METRIC SPACES
Tomonari Suzuki, Badriah Alamri, and Liaqat Ali Khan
Abstract
We study n-generalized metric spaces. We ﬁrst study the concept of Cauchy sequence. We next
give a proof of the Banach contraction principle in n-generalized metric spaces. The proof is similar
to the proof of the original Banach contraction principle in metric spaces. Also, we give proofs of
Kannan’s and C´iric´’s ﬁxed point theorems in n-generalized metric spaces.
1. Introduction
Throughout this paper we denote by N the set of all positive integers.
In 2000, Branciari in [3] introduced the following, very interesting concept. See
also [6, 8] and others.
Definition 1 (Branciari [3]). Let X be a set, let d be a function from X  X into
½0;yÞ and let n A N. Then ðX ; dÞ is said to be a n-generalized metric space if the
following hold:
(N1) dðx; yÞ ¼ 0 i¤ x ¼ y for any x; y A X .
(N2) dðx; yÞ ¼ dðy; xÞ for any x; y A X .
(N3) dðx; yÞa dðx; u1Þ þ dðu1; u2Þ þ    þ dðun; yÞ for any x; u1; u2; . . . ; un; y A X
such that x; u1; u2; . . . ; un; y are all di¤erent.
It is obvious that ðX ; dÞ is a metric space if and only if ðX ; dÞ is a 1-generalized
metric space. Very recently, in [11], we found that not every generalized metric space
has the compatible topology. See also [12]. In [1], we discussed the completeness of
n-generalized metric spaces.
In this paper, we study n-generalized metric spaces. We ﬁrst study the concept
of Cauchy sequence. We next give a proof of the Banach contraction principle in
n-generalized metric spaces. The proof is similar to the proof of the original Banach
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contraction principle in metric spaces. Also, we give proofs of Kannan’s and C´iric´’s
ﬁxed point theorems in n-generalized metric spaces.
2. Preliminaries
In this section, we study the concept of Cauchy sequence. As mentioned above, in
general, n-generalized metric spaces do not necessarily have the compatible topology.
So we have to deﬁne the concept concerning the convergence. See [1, 3, 13] and others.
Definition 2. Let ðX ; dÞ be a n-generalized metric space.
 A sequence fxng in X is said to be Cauchy i¤
lim
n!y supm>n
dðxm; xnÞ ¼ 0
holds.
 A sequence fxng in X is said to be 2-Cauchy i¤
lim
n!y supfdðxn; xnþ1þ2jÞ : j ¼ 0; 1; 2; . . .g ¼ 0
holds.
 A sequence fxng in X is said to converge to x i¤ limn dðx; xnÞ ¼ 0 holds.
 A sequence fxng in X is said to converge to x in the strong sense i¤ fxng is
Cauchy and fxng converges to x.
Definition 3. Let ðX ; dÞ be a n-generalized metric space. Then X is complete i¤
every Cauchy sequence converges.
It is obvious that every Cauchy sequence is 2-Cauchy. If we assume something
additional, then the converse holds.
Lemma 4. Let ðX ; dÞ be a n-generalized metric space. Let fxng be a 2-Cauchy
sequence such that xn are all di¤erent and
lim
n!y dðxn; xnþ2Þ ¼ 0:
Then fxng is Cauchy.
Proof. Fix e > 0. Then there exists l A N such that
dðxn; xnþ1þ2jÞ < e and dðxn; xnþ2Þ < e
for any j A NU f0g and n A N with nb l. Fix j A NU f0g and n A N with nb l.
Then in the case where n ¼ 1, we have
dðxn; xnþ2þ2jÞa dðdn; xnþ1þ2jÞ þ dðxnþ1þ2j; xnþ2þ2jÞ < 2e:
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In the other case, where nb 2, we have by (N3)
dðxn; xnþ2þ2jÞa dðxn; xnþ1þ2jÞ þ dðxnþ1þ2j ; xnþ2jþ2nÞ
þ
Xn1
i¼1
dðxnþ2jþ2i; xnþ2jþ2iþ2Þ
< ðnþ 1Þe:
Therefore fxng is Cauchy. r
The following is essentially proved in [1].
Lemma 5 ([1]). Let ðX ; dÞ be a n-generalized metric space. Let fxng be a sequence
in X such that xn are all di¤erent and
Xy
n¼1
dðxn; xnþ1Þ <y:
Then the following hold:
 fxng is Cauchy provided n is odd.
 fxng is 2-Cauchy provided n is even.
By using these lemmas, we can prove the following, which is useful in this
paper.
Proposition 6. Let ðX ; dÞ be a n-generalized metric space. Let fxng be a sequence
in X such that xn are all di¤erent,
Xy
n¼1
dðxn; xnþ1Þ <y and lim
n!y dðxn; xnþ2Þ ¼ 0:
Then fxng is Cauchy.
Proof. In the case where n is odd, the conclusion obviously holds by Lemma 5.
In the other case, where n is even, fxng is 2-Cauchy by Lemma 5 again. So by Lemma
4, fxng is Cauchy. r
The following is connected with the continuity of d. See also [8].
Proposition 7 ([13]). Let ðX ; dÞ be a n-generalized metric space. Let fxng and
fyng be sequences in X converging to u and v in the strong sense, respectively. Then
dðu; vÞ ¼ lim
n!y dðxn; ynÞ
holds.
n-Generalized Metric Space 17
3. Fixed point theorems
We give proofs of some ﬁxed point theorems in n-generalized metric spaces. We
note that the proofs in this section are similar to the proofs of the original theorems in
metric spaces.
Lemma 8. Let ðX ; dÞ be a n-generalized metric space and let T be a mapping
on X. Assume that
Xy
n¼1
dðT nu;T nþ1uÞ <yð1Þ
for some u A X. Assume also either of the following:
 n is odd.
 n is even and
lim
n!y dðT
nu;T nþ2uÞ ¼ 0ð2Þ
holds.
Then fT nug is Cauchy.
Proof. We consider the following two cases:
 There exists k; l A N such that k < l and T ku ¼ T lu.
 T nu are all di¤erent.
In the ﬁrst case, we note that T ku is a ﬁxed point of T lk. So we have
Xy
n¼1
dðT nu;T nþ1uÞb
Xy
j¼1
dðT kþjðlkÞu;T kþ1þjðlkÞuÞ ¼
Xy
j¼1
dðT ku;T kþ1uÞ:
Hence dðT ku;T kþ1uÞ > 0 contradicts (1). Thus T ku is a ﬁxed point of T . Therefore
fT nug is Cauchy. In the second case, by Lemma 5 and Proposition 6, fT nug is
Cauchy. r
We give a proof of the following ﬁxed point theorem which is a generalization of
the Banach contraction principle [2, 4].
Theorem 9 (Branciari [3]). Let ðX ; dÞ be a complete n-generalized metric space and
let T be a contraction on X, that is, there exists r A ½0; 1Þ such that
dðTx;TyÞa rdðx; yÞ
for any x; y A X. Then T has a unique ﬁxed point z of T. Moreover, for any x A X,
fT nxg converges to z in the strong sense.
Remark. See also [9, 10, 11].
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Proof. Fix u A X . Then we have
Xy
n¼1
dðT nu;T nþ1uÞa
Xy
n¼1
rndðu;TuÞ <y:
We also have
lim
n!y dðT
nu;T nþ2uÞa lim
n!y r
n2dðu;T 2uÞ ¼ 0:
Therefore by Lemma 8, fT nug is Cauchy. Since X is complete, fT nug converges to
some z A X . By Proposition 7, we have
dðz;TzÞ ¼ lim
n!y dðT
nu;TzÞa lim
n!y rdðT
n1u; zÞ ¼ rdðz; zÞ ¼ 0;
which implies z is a ﬁxed point of T . Let y be a ﬁxed point of T . Then we have
dðz; yÞ ¼ dðTz;TyÞa rdðz; yÞ
and hence z ¼ y holds. So the ﬁxed point z is unique. r
We also give a proof of the following ﬁxed point theorem which is a generalization
of Kannan’s ﬁxed point theorem [7].
Theorem 10. Let ðX ; dÞ be a complete n-generalized metric space and let T be a
Kannan mapping on X, that is, there exists a A ½0; 1=2Þ such that
dðTx;TyÞa adðx;TxÞ þ adðy;TyÞ
for any x; y A X. Then T has a unique ﬁxed point z of T. Moreover, for any x A X,
fT nxg converges to z in the strong sense.
Proof. Since
dðTx;T 2xÞa adðx;TxÞ þ adðTx;T 2xÞ;
we have
dðTx;T 2xÞa rdðx;TxÞ
for any x A X , where r :¼ a=ð1 aÞ A ½0; 1Þ. Fix u A X . Then we have
Xy
n¼1
dðT nu;T nþ1uÞa
Xy
n¼1
rndðu;TuÞ <y;
which implies limn dðT nu;T nþ1uÞ ¼ 0. We also have
lim
n!y dðT
nu;T nþ2uÞa lim
n!yðadðT
n1u;T nuÞ þ adðT nþ1u;T nþ2uÞÞ ¼ 0:
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Therefore by Lemma 8, fT nug is Cauchy. Since X is complete, fT nug converges to
some z A X . By Proposition 7, we have
dðz;TzÞ ¼ lim
n!y dðT
nu;TzÞa lim
n!yðadðT
n1u;T nuÞ þ adðz;TzÞÞ ¼ adðz;TzÞ;
which implies dðz;TzÞ ¼ 0. Hence z is a ﬁxed point of T . Let y be a ﬁxed point
of T . Then we have
dðz; yÞ ¼ dðTz;TyÞa adðz;TzÞ þ adðy;TyÞ ¼ 0
and hence z ¼ y holds. So the ﬁxed point z is unique. r
We ﬁnally give a proof of the following ﬁxed point theorem which is a gener-
alization of C´iric´’s ﬁxed point theorem [5] and Theorems 9 and 10.
Theorem 11. Let ðX ; dÞ be a complete n-generalized metric space and let T be a
mapping on X such that there exists r A ½0; 1Þ satisfying
dðTx;TyÞa r maxfdðx; yÞ; dðx;TxÞ; dðy;TyÞ; dðx;TyÞ; dðy;TxÞgð3Þ
for any x; y A X. Then T has a unique ﬁxed point z of T. Moreover, for any x A X,
fT nxg converges to z in the strong sense.
Proof. Fix u A X and put
Aðm; nÞ ¼ fT ju : j A NU f0g;ma ja ng;
Aðm;yÞ ¼ fT ju : j A NU f0g;ma jg;
Dðm; nÞ ¼ supfdðx; yÞ : x; y A Aðm; nÞg
and
Dðm;yÞ ¼ supfdðx; yÞ : x; y A Aðm;yÞg
for m; n A NU f0g with ma n, where T 0 is the identity mapping on X . Thus Dðm; nÞ
and Dðm;yÞ are the diameter of Aðm; nÞ and Aðm;yÞ, respectively. By (3), we
note
Dðm; nÞa rDðm 1; nÞð4Þ
for m; n A N with ma n. We also note by (3)
maxfdðu;T juÞ : 1a ja ng ¼ Dð0; nÞð5Þ
for n A N. We consider the following two cases:
 There exists k; l A N such that k < l and T ku ¼ T lu.
 T nu are all di¤erent.
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In the ﬁrst case, we note
Dðk; l 1Þ ¼ Dðk þ 1; lÞa rDðk; lÞ ¼ rDðk; l 1Þ
by (4). Hence
Dðk;yÞ ¼ Dðk; l 1Þ ¼ 0;
which implies T k is a ﬁxed point of T . We next consider the second case. Fix n A N
with n > n. By (5), there exists l A N with la n such that dðu;T luÞ ¼ Dð0; nÞ. If
l > n, then we have
Dð0; nÞ ¼ dðu;T luÞ
a
Xn1
j¼0
dðT ju;T jþ1uÞ þ dðT nu;T luÞ
a nDð0; nÞ þDðn; lÞ
a nDð0; nÞ þ rnDð0; lÞ
a nDð0; nÞ þ rnDð0; nÞ
and hence
Dð0; nÞa n
1 rn Dð0; nÞ:ð6Þ
If la n, then (6) obviously holds. Since n A N is arbitrary, fDð0; nÞg is bounded, which
is equivalent to Dð0;yÞ <y. By (3), we note
Dðm;yÞa rDðm 1;yÞa   a rmDð0;yÞ
for m A N, which implies that fT nug is Cauchy. Since X is complete, fT nug converges
to some z A X . By Proposition 7, we have
dðz;TzÞ ¼ lim
n!y dðT
nu;TzÞ
a lim
n!y r maxfdðT
n1u; zÞ; dðT n1u;T nuÞ; dðz;TzÞ; dðT n1u;TzÞ; dðT nu; zÞg
¼ rdðz;TzÞ
and hence dðz;TzÞ ¼ 0, thus, z is a ﬁxed point of T . We have shown that there exists a
ﬁxed point in both cases. As in the proof of Theorem 9, we can prove that the ﬁxed
point is unique. r
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